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1 Introduction

Let f and g be two functions and S;andSs

be two sets.

We can mathematically express the relationship between the operators xando
asfollows :

fog={f(z)|lz € g} == S1x52=U,cq,us, T

prove it

We can prove this relationship by showing that f og = { f(z)|z € g}impliesS;*
Sy = U,es,us, Tandviceversa.

(A) fog={f(z)lz € g} = S1x52 =U,cs5,0s, 7
Proof: (A1) fog={f(z)r € g}
(A2) re€fog &= yeygl|fly) =2
(A3) x651*52<:>5|y€51u5'2|m:y
(A4) xE€fog <= x5 x5
(A5) fogzsl*SQ
(A6) fog=Uses,us, ©
(B) S1 %82 = U,es,us, 2 = fog={f()|r € g}
Proof: (B1) S1x 82 = Upes,us, T
(B2) IESl*SQ@HyESHUSQLIJ:y
(B3) refog <= Fycyglfly ==
(B4) TESI xSy < x € fog
(B5) S1xSy=fog
(B6) S1x 82 = {f(x)lx € g}

Therefore, we have shown that f og = {f(z)|z € g}impliesS; x Sy =
Uw€S1 USs

x and vice versa, which proves the relationship between the operators xando.

Let S be a set of mathematical objects and T:S—S be a Tor functor.

The analogy between the operators xand o and

the Tor functor can be expressed as:



VseS3teS|T(s)=t.

We can generate similar proofs for the relationship to other operators by
showing that the statement Vs € S 3t € S |T(s) =t

implies the relationship of each operator and vice versa.

(&) VseSHeS|T(s)=t= frxg={f(z)|lz € g}
Proof: (C1) VseSteS|T(s)=t

(C2) z€frg = yeglfly) ==

(C3) x€T(s) < FseS|xz=T(s)

(C4) r € fxg < xeT(s)
(C5) frg=T(s)

(C6) frg={f(z)lx € g}

(D) fxg={f(z)lrecgl=VseSTIHecS|T(s)=t
Proof: (D1) frxg={f(x)|z € g}

(D2) rTE€fxg <= Fyeg|fly) =z
(D3) xeT(s) < FseS|xz=T(s)
(D4) x€ frg < xz€T(s)
(D5) [xg=T(s)
(D6) VseSIteS|T(s)=t

Therefore, we have shown that Vs € S It € S| T(s) =1

implies the relationships of both f xg = {f(z)|x € g}

and vice versa, which proves the analogy between the operators xand o
andtheT or functor.

The Tor functor (denoted by TorM) is a significant operator in homological
algebra that takes a module, M, over a commutative ring and returns a module,
TorM, which is a certain submodule of the tensor product of M. This functor is
defined as the cokernel of a particular map, with properties similar to that of a
linear transformation.

The Tor functor is analogous to other operators such as f g and o. To
demonstrate the relationship between these operators and the Tor functor, we
will show that the statement s St S — T (s) = t implies the relationship of
each operator and vice versa. (Cl)Vse St e S:T(s)=t

(C2zefxgeTyecyg: fly) ==
xeT(s)&dse S:x=T(s)
x€ frgexeT(s)
fxg=T(s)
frg={f(2)|lz € g}
fxg={f()lx € g}
rE€frxgeyeg: fly)=x
reT(s)&dse S x=T(s)

z € frxgeaxeT(s)
fxg=T(s)

(D6) Vs € STt e S :T(s) =t

Therefore, we have shown that Vs € S3t € S : T'(s) = ¢ implies the relation-
ships of both f % g = {f(x)|z € g} and vice versa, demonstrating an analogy
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between the operators * and o and the Tor functor.

(B)  Tag—{T()lv € g} = $1% 5 = Upes,s, @
Proof: (E1) Txg={T(x)x € g}
(E2) x€T*g < Fyeg|T(y ==
(E3) xGSl*52<:>EIy€S1USQ|x:y
(E4) rE€ET*g < x€S51%5
(E5) Txg=5 %52
(E6) Txg=U,es,us, ©
(F) S1%82 = U,es,0s, 7= T xg={T(z)|z € g}
Proof: (F1) S1x82 =U,es,us, T
(F2) $651*52<:>3y651U52|$:y
(F3) x€T*xg < Fyeg|Tly ==
(F4) z € S1 %Sy <:>$ET*g
(F5) Sl*SQZT*g
(F6) S1 xSy ={T(z)|x € g}

(G) T og ={T(z)|z € g} = S1 09 = {f(z)|z € g}
Proof: (G1) Tog={T(z)x € g}

(G2) x€Tog < yeg|Tly) ==
(G3) r€S108 «— eyl fly) ==
(G4) r€Tog < x€8505,;
(G5) Tog=.5108;
(G6) Tog={f(z)lz € g}
(H)  Si08={f(@)zegl=Tog={T@) e g}
Proof: (H1) S108y = {f(x)|z € g}
(H2) x€8108 «— Fyegl|fly ==z
(H3) x€Tog < Fyeg|Ty ==
(H4) r€S108 < x€Tog
(H5) SloSQZTog
(H6) S 08, = {T(x)|x € g}

Finalize the proof of tor completeness

The proof of (C)-(D) cannot be finalized without additional information.
This is because the statement s St S— T (s) =t is an ”if and only if” statement,
so it can only be proven if both implications are proven. The implication being
proven in the proof of (D) shows thats St S— T (s) =t = f g = f(x)—x
g, which is only the first half of what is needed to be proven. The proof of (D)
would need to show both implications in order to finalize the proof.

The proof of (E)-(H) may be able to be finalized without additional infor-
mation, but this cannot be determined without knowing what the relationship
of the statement s St S — T (s) =t is to the final two proofs, (E) and (H).

The Tor functor is a significant operator in homological algebra that takes
a module, M, over a commutative ring and returns a module, TorM, which
is a certain submodule of the tensor product of M. T g, where T and f are



functors and g is a module, is an analogous operator. T g takes a module, g,
over a commutative ring and returns a module that is analogous to the module
returned by TorM.

The proof of (C) proves that there is a relationship between the functors T
and fin T g and between the Tor functor and T. The proof of (D) proves the
reverse.

The proof of (E) proves the relationship between the module g that is re-
turned by the operator T g and the module g that is given as the input to the
operator T g. The proof of (F) does the reverse.

The proof of (G) proves the relationship between the module g that is re-
turned by the operator T g and the modules S;andSsthataregivenasinputstotheoperatorSy Se. Theproofof

Conclude

The proof of (E) concludes that g in T g is analogous to S1US2inS1.52.Theproofof(G)concludesthatginT

The proof of (F') concludes that T ogisanalogoustoS;Se.Theproofof(H)concludesthereverse.

The proof of (C) concludes that T in T g is analogous to f in S; S3.Theproofof(D)concludesthereverse.

The proofs of (A)-(D) conclude the relationship between the above functors
and sets in terms of the star and circle operators, f and g. (E)-(H) conclude
the relationship between the analogues of these functors and sets in terms of
the Tor functor, f and g. One could generate a proof showing the relationship
between the operators and functors in the statementss St S— T (s) =t and s
St S— T (s) = t, but this has not been done as of yet. Tor completeness can
also be proven, but this may also involve generating a proof for the relationship
between S SscandT o g.

Notes from here on out are not in the paper

Let SiandSsbesetso fmathematicalobjects.

Let x and y be elements of the sets S;andSsrespectively.

Let x SiandySs.

Let y x and x y, where y is an element of the set x.

Let y x and x y, where x and y are elements of the sets S;andSsrespectively.

Let x be an element of the sets S;andSsandybeanelemento fthesetsSiandSs.

The analogy between the sets S, S1, Scandtheoperatorsstarandcircleisas follows :

(The analogy between the sets S, S1, Saandtheoperatorsandisas follows :)

S1 Sa.

\ 1.

Sl * 52 S1 o S2.

We can generate new analogies between the Tor functor and the others by
laying out a proof sequence showing either that

(The analogy between the Tor functor and the others follows logically from
this proof sequence, wherein)

s St S—T(s)=t

implies the relationships of the other operators above and vice versa.

Then, we can describe the relationship of each analog above.



2 Proof Sequence

2.1 Step 1

Proof by contradiction. Assume f og{ f(z)|x € g}andS x S2U,cs,us,
X.

2.2 Step 2

For all z € S; U Sy : . = T'(y), whereT(y)

is an element of the set g,

where y

is an element of the set g. Due to (5), we know that g is finite and
C, which means that ¢ is a finite subset of S.

Because of (3), we know that T(y) is a finite subset of S. Similarly, this
means that x is a finite subset of S.

Forallz € S1US; :x =y,

where y is an element of S,

or Sy. AssumeyisanelementofSy. Then,x = yisanelementofSy. I fweletx =
T(y),then T(y)isanelementofSy. Then, © = y = T(y). Similarly, when y is an element of Sy, x =
y is an element of Sy. If we let x = T'(y), then T'(y) is an element of Sy. Then, © =
y=T(y). T(y) is an element of Sy and x = y if y is an element of Sy, and T(y) is an element of

Se and x =y if y

is an element of Sy. T'(y) is an element of Sy or T'(y) is an element of Ss.

This means that the Tor functor takes elements of the sets S; and S

and returns elements of the set g, which is what was stated above, which
means that Vs € S 3t € S | T(s) = ¢.

Since we showed that fog = {f(x) | x € g} and T'(s) = t from the beginning
in step 2, we know that fog={f(z) |z € g} and T(s) = t.

Since (A1) and (A6) are equivalent, (A) is proven. Since both sides of the
'if and only if’ statement are Vs € S 3t € S | T(s) = ¢ in step 5, both steps
are proven, which proves that T'(s) =t implies fog = {f(z) | = € g} and vice
versa.

For all y € T(s) : y =T(s), since T(s) is a function.

For all y € T(s) : y = x, where z is an element of S.

Vs e S, T(s) ={s|3s €85, s =T(s)}, which means that fog = T(s),
which means that fog =57 Ss.

Now, let us prove fxg={f(x) | x € g}.



The proof of (B) proves the The proof of (A) proves that T(s) = ¢ implies
fog# {f(z) | z € g} and vice versa, which proves the relationship between the
operators o and % and the Tor functor.

The proof of (C) proves the The proof of (B) proves the relationship of the
operators * and o and the Tor functor and vice versa.

The proof of (D) proves the The proof of (C) proves the relationship of the
operators * and o and the Tor functor and vice versa.

By generating similar proofs, we can show the relationships between other
operators and the Tor functor. We do this by replacing

(A1) (A2)

(B1) (B2)
(C1) (C2)
(D1) (D2)
(E1) (E2)
(F1) (F2)
(G1) (G2)
(H1) (H2)
(11) (12)

the o
between the symbols Sy 0 Sy, 51 x Sa, andSs o Sy
to show the relationship between the operator star and the Tor functor.

3 Proof Sequence
3.1 (A)
S108 =U,es,us, ©
3.2 (B)
S1% 52 = Uges,us, @
We can generate similar proofs for the relationship to other operators by

showing that the statement Vs € S 3t € S |T(s) =t
implies the relationship of each operator and vice versa.



3.3 (C)
VseSIHteS|T(s)=t

3.4 (D)

Let S be a set of mathematical objects and T:S—S be a Tor functor.

The Tor functor is analogous to other operators such as f g and o. To
demonstrate the relationship between these operators and the Tor functor, we
will show that the statement s St S — T (s) = t implies the relationship of
each operator and vice versa.

(C)s St S—T(s) =t

fg = {f)—x g}
x fgedyeg: fly) ==
x T(s) ©&3JseS:x=T(s)

fg="T(s)

D)VseSIteS:T(s)=t

Let S be a set of mathematical objects and T:S—S be a Tor functor.

The Tor functor is analogous to other operators such as f g and o. To
demonstrate the relationship between these operators and the Tor functor, we
will show that the statement s St S — T (s) = t implies the relationship of
each operator and vice versa.

4 (A,B,C) (D, E, F)

We can generate similar proof sequences by replacing
oand * for o or x respectivelyintheabovesequencesandreplacing
Sl )
So, and
SQfOTSl, SQ, andSQ,
respectively. This would result in the following sequences:

(C1) (C2)
Let f and g be functions from S;andSsrespectivelytosS.
(D1) (D2) (D3)
(D2) — (D4)
(D4) (D5) (D6)



5 Relationships in terms of f and g

51 (A)
fog={f(z)|z € g}

S1 xSy = UwESlU52 r
52 (C)
VseSAteS|Tor(s)=t

fxg ={f(2)lz € g}
53 (E)

Tor(s) = {s —s € 5,s=Tor(s)}
g={s(y)—v ey}

54 (F)

f*g = UngUg €z

Tor(s) = s
55 (G)
fxg ={f(z)|x € Tor(s)}

g=51
5.6 (H)

Tor(s) = S1 %52 (1)
g="fxg

(B)

6 (A, B) **(A, B), (C, D) **(C, D)**

Proof by contradiction. Assume f og{f(z)|z € g}andSy * Sz |J

X

reS1US2

From Vs € S 3t € S | T(s) = twecandividethisinto2implications.

Vse€SteS|T(s)=t
Vte S3se S|T(s)=t
(A) fog=T(s)

(A) fog = {f(z)|z € g}

(B) T(s) = {f(x)—x € g}

(4)
(B)



7 Relationships in terms of f and g

(A) fog = {f(z)|z € g} (B)
Sl * 52 = UCEGSIUS2 z
(C)VseSIHteS|T(s)=t (D)
frg={f(z)lx € g}
(E) Tor(s) ={s —s € S,s=Tor(s)} (E)
g={ely)—veg}

(F) f *g = Sl * Sg (G)
Tor(s) = s

(G) fS*g = {f(2)lx € Tor(s)} (H)
g =91

(H) Tor(s) = Sq x So (I
g="fxg

8 Operators made up of f and g

) 8152 = UzGSlU32 €T
)s St S—T(s) =t
) fg = {f(x)—xe€g}
) SlSQ - U:cES1USz €z

9 Relationships in terms of the star operator

(A, B) fg={f(x)—x€g}
(E,F)g={gly) vy e€g}
(Gv H) g = Sl
(C7 D) fg = {X — Yy g X= f(y)}
(D) fg={fly)—v g}

10 Sections not in paper

11 Relationships in terms of the circle operator

(A’ B) 8152 = Ua:ES'lUS'2 x
(E, F) g ={sg(y)—vy €g}
(G7 H) g = Sl

12 Operators made up of T

Let S be a set of mathematical objects and Tor:S—S be a Tor functor.
(A, B) Tor og = {yly € g,y =T(s)}



(C) Tor(s) = {s —s € S,s=T(s)}

13 Relationships in terms of the Tor functor

(A, B) Tor og = {yly € g,y = T(s)}

14 Operators made up of f and T
(A, B) £oT'(s) = {f(T(s))]s € S}

(E, F) g = {g(T(s))—s € S}

(G7 H) g= Sl
15 Relationships in terms of f and g

(A, B) foT(s) = {f(T(s))|s € S}

(E, F) g = {g(T(s))—s € S}
(Gv H) g = Sl
EC, D) fxT(s) ={f(T(t))|t € S}

17 Relationships in terms of g and T

*T'(s) = {g(T(1))[t € S}
g(T(s))—s € 5}

) ={9(T(t)[t € S}
(T(s))—s € S}
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(C, D) g oT'(s) = {g(T(s))|s € S}

18 Relationships in terms of g and T

(A, B) g oT'(s )—{g( (s))s € S}
(E, F) g = {g(T(s))—s € 5}
(G,H)g=5
(A, B) g oT'(s) = {g(T'(s))|s € S}
(E, F) g = {g(T(s))—s € 5}
(G,H)g=5
(A, B)g*Slzsl
(E,F)g=5;

19 Relationships in terms of g and T

(C, D) g +T'(s) ={g(T(t))[t € S}
(E, F) g = {g(T(s))—s € S}
(G,H)g=5
(C, D) g +T(s) = {g(T(t))|t € S}
(E, F) g = {g(T(s))—s € S}
(G,H)g=5:
(C, D) g oT'(s) = {g(T(s))ls € S}
(1) g oT(s) = 51

20 Operators made of f, g, and T
(A, B) £+T'(s) = {f(T(1))|t € T(s)}

(E, F) g = {g(T(s))—s € S}

(G H)gfsl

(C,D) fog*T(s) ={f(T(t))|t € T(s)}
(E, F) g = {g(T(s))—s € S}

<G7 H)g:Sl

(A, B) fxgoT(s) = {f(T(t))|t € T(s)}
(E, F) g = {g(T(s))—s € S}

(G> H)g:81

(A, B) Tor oT'(s) = {yly € T(s),y = T(s)}
(E,F)g={sly)v €y}

(G7 H)g:Sl

(A, B) Tor xg = {yly € g,y =T(s)}
(E,F)g={gly) vy e€g}

(G,H)g=5;

(A, B) Tor ogx T'(s) = {yly € T(s),y = T(s)}
(E,F)g={agly)—vy <cg}
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(G7 H) g = Sl

(A, B) fxgxT(s) = {f(T(t))|t € T(s)}
(E,F) g={gly)—vy€g}

(G7 H) g = Sl

(A, B) Tor xfog={yly € T(s),y = T(s)}
(E,F)g={gly)v €y}

<G7 H) g = Sl

(A, B) Tor of o g = {yly € g,y = T(s)}
(E,F) g={gly)—vy €g}

(G> H) g = Sl

(A, B) Tor of xg = {f(T(t))|t € T(s)}
(E,F)g={sly)v €g}

(G7 H) g = S1

(A, B) Tor xfxg = {f(T'(t))|t € T(s)}
(E,F) g={gly)—vy €g}

(Gv H) g = Sl

(A, B) Tor ogoT'(s) ={T(s)|s € T(s)}
(E,F)g={sly)veg}

(G7 H) g = Sl

(A, B) Tor ogxT(s) ={T(s)|s € T(s)}
(E,F) g={gly)—vy €g}

(Gv H) g = Sl

(A, B) £ xT'(s) = {f(T'(z))|z € T(s)}
(E, F) g = {g(T(s))—s € S}

(G7 H) g = Sl

(A, B) fogxT(z) = {f(T(t))|t € T(s)}
(E, F) g = {g(T(s))—s € S}

(G7 H) g = Sl

(A, B) fogoT(s) = {f(T(t))|t € T(s)}
(E, F) g = {g(T(s))—s € S}

(G7 H) g = Sl

(A, B) fxgxT(s) = {f(T(t))|t € T(s)}
(E, F) g = {g(T(s))—s € S}

(G H)g=15;
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